Abstract. The purpose of this work is to propose a mixed Hodge structure over a CR manifold. As you know, for a CR manifold, Kohn-Rossi cohomology is naturally introduced. However, the relation between Kohn-Rossi cohomology and De Rham cohomology is not so well understood, even in Tanaka's work. We discuss this point.
CR-structures and Kohn-Rossi cohomology group
Let N be a complex manifold. Let Ω be a strongly pseudo convex domain with smooth boundary M = bΩ. Then, as is well knwon, over this boundary M , a CR structure is induced from N . Namely, we set
Then, this 0 T ′′ , a subbundle of C ⊗ T M satisfies;
This pair (M, 0 T ′′ ) is called a CR-structure. For this CR structure, we have ∂ boperator,
by: for f ∈ Γ(M, C), ∂ b f (X) = Xf, X ∈ 0 T ′′ . Like the standard exterior derivative d, we have ∂ b -complex,
Now we recall the ). We set a C ∞ vector bundle decomposition
where ξ p / ∈ 0 T ′ p + 0 T ′′ p for every point p of M , and 0 T ′ means 0 T ′′ . We fix this and use the notation T ′ for 0 T ′ + Cξ, that is to say,
We set
Let d be the exterior differential operator. Then, not like the case complex manifolds, d : C p,q → C p+1,q + C p,q+1 + C p+2,q−1 .
This fact was observed by Tanaka(cf.[6] ). In fact, for u in C p,q , for
Because of u ∈ C p,q , the first line must vanish. Similarly, the second line, the fourth line, the fifth line vanish. However, the third line may not vanish. 
And we have a cohomology group(Kohn-Rossi cohomology)
This coholomology group has the following mean. Let U be a tubular neighborhood of the boundary M = bΩ in N . Then,
Here H q (U, Ω p U ) means the ∂ Dolbeault cohomology group over U . While, over a tubular neighborhood U , there is ∂ operator ( U is a complex manifold), and we can discuss the mixed Hodge theory over U . The purpose of my work is to study a mixed Hodge theory over CR -manifolds. Of course, it is possible to introduce a kind of ∂ b operator. Namely, for v ∈ C p,q , we set
However, as is shown, by Tanaka(cf.[6] ), unfortunately, in this case, in general,
And so (C p,q , d) is not even a double complex.
Deformation theory of CR-structures
In this section, we recall deformation theory of CR-structures.
2.1.AlmostCRmanifolds
Let M be a C ∞ differentiable manifold with real dimension 2n − 1. Let E be a C ∞ subvector bundle of the complexfied tangent bundle C ⊗ T M satisfying; 
For the proof, see [A1] . This almost CR structure (M, φ T ′′ ) is a CR structure if and only if φ satisfies the following non linear differential equation.
For the notations, see [A1] , [A2] . We recall ∂ T ′ -cohomology(so called Deformation complex). Namely, we set Γ(M, T ′ ), consisting of T ′ valued global C ∞ sections on M , and consider a first order differential operator
So we take T ′ -component according to (1.2.1), then we have
With this in mind, we set a first order differential operator by;
And like as for scalar valued differential forms, we can introduce differential operators ∂ (i)
and we have a differential complex
be an orientable CR structure. Then we can introduce the Leviform over M . Namely, for each point p of M , we set √ 
can be reduced to the cohomology group associated with (∂ i , Γ(M, E i )).
First we set a subspace
where (∂ (i)
Proof . We show that the mapping (∂ (i)
Therefore for each point p of M , we can deffine a vector space E i,p by;
First, we prove that dim C E i,p is independent of p. To do this, it is enough to show that the following vector bundle sequence is exact.
For each point p in M , we take a system of moving frame {e j } j=1,.,n−1 of 0 T ′′ in a neighborhood of p and F such that
By a simple calculation, we obtain (∂ (1)
Therefore the above mapping (∂ (i)
T ′ u) C⊗F is surjective. Thus the sequence (2.2.1) is exact and dim C E i,p is indepent of p. And so, ∪ p∈M E i,p is a vector bundle on M . By E j , we write this vector bundle. Then, we have
We see this vector bundle more precisely.
Theorem2.2.2. E 0 = 0. And there is a following differential subcomplex.
where ∂ i means the restriction of ∂ (i)
Since the Levi form is non-degenerate, we obtain
These considerations leads to that;for any u ∈ Γ(M, E i ), we have
This completes the proof. Q.E.D.
As for E 1 , we prove that Γ(M, E 1 ) has sufficiently many sections. We impose the Levi-metric over M and we form the adjoint operator ∂ * T ′ of ∂ T ′ . We set the Laplacian
As is usual in the theory of harmonic forms, we obtain the harmonic space H
Then we have the following theorem.
Theorem2.2.3. The mapping L | H
T ′ , being restricted to H
T ′ , is injective and
holds, where H denotes L(H
T ′ ). Proof . Injectivity is obvious. So it suffices to show
That is to say, for all φ ∈ H (1)
and for φ in Ker∂
(1)
T ′ .
Therefore our theorem follows. Q.E.D.
Especially by Theorem 2.2.3, we have that the injection i; H ֒→ Ker∂
, we have the following theorem.
Theorem2.2.4. The injection induces the isomorphism map
where 2 ≤ i ≤ n − 1. Proof . First, we prove that the above map is surjective. For this purpose, it suffices to prove that for all φ in Ker∂
Therefore the surjectivity is proved. Next, we prove that the above map is in injective. If ψ is in Ker∂ i satisfying ψ = ∂
by the same argument as above(we assume i ≥ 2). Of course φ − ∂
holds. So we have our theorem. Q.E.D.
F p,q complex and Mixed Hodge structure
We start with
And consider
where θ is a real one form defined by;
Then, our theorem is;
is a double complex. Then, we have three cohomology groups which were observed in [A-M2] . The first one is
The second one is
The third one is
In fact, we have the following theorem.
′′ ) recovers the standard Kohn-Rossi cohomology of degree ≥ n + 1, and so we can discuss a mixed Hodge theory over CR manifolds. The proof of Theorem 3.2 is very like in the proof for E j bundles(cf. [2] ). We consider a bundle map from (Cξ)
The key lemma is as follows. Lemma3.3. The above map
Then, just like the case hermitian manifolds, we obtain the adjoint operator of L, Λ, and we can introduce the notion of primitive forms. Namely, for u in 
, u has the following unique decomposition.
The proof is the same as in hermitian manifolds. So we omit this. Now we see Lemma 3.3. In order to show Lemma 3.3, it suffices to show that; if l + s ≥ n, then the following map is surjective.
, v is primitive if and only if v = 0(by Fact 1). And by Fact 2, we have : for u in (Cξ)
and u i are primitive. So in our case, u 0 must be zero. Hence
Therefore we have the surjectivity.
Estimates
By the same method as in [A1] , we show the following a priori estimate. For this, we put the Levi metric on F p,q and consider the adjoint operator of d
′′ ) are subelliptic. In order to prove our theorem, we must prepare several facts. On Γ(M, (Cξ)
, we we can introduce the formal adjoint operators, δ ′′ of d ′′ , and
* )(see [T] Kaehleridentities.
[Λ,
With these equalities, we establish an a priori estimte. For u ∈ F p,q ,
By the way, because of (LΛ − ΛL)v = (k − (n − 1))v for k-form v,
So,
We show this.
